In photosynthetic light-harvesting systems carotenoids and chlorophylls jointly absorb light and transform its energy within about a picosecond into electronic singlet excitations of the chlorophylls only. This paper investigates this process for the light-harvesting complex II of the purple bacterium Rhodospirillum molischianum, for which a structure and, hence, the exact arrangement of the participating bacteriochlorophylls and carotenoids have recently become known. Based on this structure and on CI expansions of the electronic states of individual chromophores ͑bacteriochlorophylls and carotenoids͒ as well as on an exciton description of a circular aggregate of bacteriochlorophylls, the excitation transfer between carotenoids and bacteriochlorophylls is described by means of Fermi's golden rule. The electronic coupling between the various electronic excitations is determined for all orders of multipoles ͑Coulomb mechanism͒ and includes the electron exchange ͑Dexter mechanism͒ term. The rates and efficiencies for different pathways of excitation transfer, e. 
In photosynthetic light-harvesting systems carotenoids and chlorophylls jointly absorb light and transform its energy within about a picosecond into electronic singlet excitations of the chlorophylls only. This paper investigates this process for the light-harvesting complex II of the purple bacterium Rhodospirillum molischianum, for which a structure and, hence, the exact arrangement of the participating bacteriochlorophylls and carotenoids have recently become known. Based on this structure and on CI expansions of the electronic states of individual chromophores ͑bacteriochlorophylls and carotenoids͒ as well as on an exciton description of a circular aggregate of bacteriochlorophylls, the excitation transfer between carotenoids and bacteriochlorophylls is described by means of Fermi's golden rule. The electronic coupling between the various electronic excitations is determined for all orders of multipoles ͑Coulomb mechanism͒ and includes the electron exchange ͑Dexter mechanism͒ term. The rates and efficiencies for different pathways of excitation transfer, e.g., 1
1 B u ϩ (carotenoid)→bacteriochlorophyll aggregate and 2 1 A g Ϫ (carotenoid)→ bacteriochlorophyll aggregate, are compared. The results show that in LH-II the Coulomb mechanism is dominant for the transfer of singlet excitations. The 1 1 B u ϩ →Q x pathway appears to be partially efficient, while the 2 1 A g Ϫ →Q y pathway, in our description, which does not include vibrational levels, is inefficient. An improved treatment of the excitation transfer from the 2 1 A g Ϫ state is required to account for observed transfer rates. Exciton splitting of bacteriochlorophyll Q y excitations slightly accelerates the excitation transfer from the 2 1 A g Ϫ state, while it plays a crucial role in accelerating the transfer from the B800 BChl Q y state. Photoprotection of bacteriochlorophylls through triplet quenching is investigated, too. The results suggest that eight of the 16 B850 bacteriochlorophylls in LH-II of Rhodospirillum molischianum are protected well by eight carotenoids observed in the x-ray structure of the protein. The remaining eight B850 bacteriochlorophylls can transfer their triplet excitation energy efficiently to their neighboring protected bacteriochlorophylls. Eight B800 bacteriochlorophylls appear not to be protected well by the observed carotenoids. ͓S1063-651X͑98͒11007-3͔
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I. INTRODUCTION
Carotenoids perform two major roles in photosynthesis as partners of the usually more prevalent chlorophylls: light harvesting and photoprotection. Carotenoids absorb radiation in the visible region inaccessible to chlorophylls and transfer the absorbed energy to chlorophylls which channel it into the photosynthetic reaction center. For example, in the lightharvesting complex II ͑LH-II͒ of the purple bacterium Rhodospirillum (Rs.) molischianum, eight carotenoids ͑lycopene͒ absorb light at 500 nm, whereas 24 bacteriochlorophylls ͑BChl's͒ absorb at 800 nm and 850 nm ͓1,2͔. In peridininchlorophyll-protein, a light-harvesting protein of dinoflagellates, carotenoids serve actually as the main light absorbers with a carotenoid:chlorophyll ratio of 4:1 ͓3͔.
If carotenoidless mutants of the photosynthetic purple bacteria are exposed to light and oxygen, their bacteriochlorophylls ͑BChl's͒ are destroyed and the organisms die ͓4,5͔. This photo-oxidative death is thought to be primarily due to excitation of singlet oxygen 1 O 2 * through excitation transfer from triplet excited bacteriochlorophyll ͓6,7͔, an unavoidable side product of light harvesting. Singlet oxygen is a strong oxidant that combines rapidly with dienes causing the death of an organism ͓8͔. Carotenoids prevent this photo-oxidation. The availability of the high-resolution x-ray structure of LH-II of the purple bacteria Rhodopseudomonas (Rps.) acidophila ͓9͔ and Rs. molischianum ͓10͔ allows one to study excitation transfer between carotenoids and bacteriochlorophylls involved in light harvesting and photoprotection on the basis of a known geometry of the chromophore aggregate. Figure 1͑a͒ displays the structure of the light-harvesting protein LH-II of Rs. molischianum. Figure 1͑b͒ presents only the chromophores contained in the structure, namely eight lycopenes and 24 BChl's. LH-II of Rs. molischianum forms an octameric aggregate, possessing a C 8 rotation symmetry, with eight monomer units consisting of an ␣-and a ␤-apoprotein, one lycopene, and three BChl's. Figure 2 displays the chromophores of one such unit ͑LYC, B800, B850a and B850b). Bacteriochlorophylls from neighboring units ͑the latter marked with a prime and a star͒ are also shown in Fig. 2 , since the lycopene ͑LYC͒ exhibits closest edge-edge distances with BChl's: B850aЈ (3.99 Å ), B850b(4.14 Å ), B800* BChl (3.23 Å ).
Absorption of light by carotenoids and singlet excitation transfer between a carotenoid ͑excitation donor͒ and a bacteriochlorophyll ͑excitation acceptor͒ constitutes the lightharvesting function of carotenoids. Figure 3 compares the energy levels of the carotenoid and bacteriochlorophyll states involved in the transfer. As measured for LH-II of Rb. sphaeroides ͓11͔, the bacteriochlorophyll Q x state absorbs at 590 nm and the BChl Q y state absorbs at 800 nm for the individual B800 BChl's and at 850 nm for the B850 BChl's.
Due to the strong coupling between neighboring B850 BChl's, the Q y excitations form exciton states that, under the assumption of complete exciton delocalization, range in energy from 871 nm to 712 nm ͓12͔ as depicted in Fig. 3 . Carotenoid's optically allowed 1 1 B u ϩ state ͓carotenoid states are labeled due to an approximate C 2h (A g ,B u ) and due to alternancy ͑ϩ, -͒ symmetry͔ absorbs at 515 nm ͓13͔. The 1 1 B u ϩ state converts rapidly to a longer lived but symmetry forbidden 2 1 A g Ϫ excited state ͓14͔.
The optically forbidden 2 1 A g Ϫ state in polyenes had been characterized both theoretically and spectroscopically ͓15͔, e.g., through fluorescence from this state after initial absorption to the 1 1 B u ϩ state. However, for long chains ͑number of conjugated double bonds exceeding ten͒ it becomes difficult to detect fluorescence from the 2 1 A g Ϫ state due to the widening of the 2 1 A g Ϫ to 1 1 B u ϩ energy gap with increasing chain length ͓14,16-18͔, which slows down the internal conversion 1 1 B u ϩ →2 1 A g Ϫ , and due to a decrease of the gap to the FIG. 1. ͑a͒ LH-II of Rs. molischianum. This image displays a top view with N-termini pointing upward, the apoproteins being represented as C ␣ -tracing tubes. Eight B800 and 16 B850 BChl molecules are shown in black. The lycopenes are represented in licorice representation. ͑b͒ Arrangement of chromophores in side view. Bacteriochlorophylls are represented as squares; 16 B850 BChl's are arranged in the bottom ring and eight B800 BChl's in the top ring ͑produced with the program VMD ͓70͔͒.
FIG. 2.
Lycopene ͑LYC͒ and its neighboring bacteriochlorophylls. Coordinates are taken from the x-ray structure of LH-II complex of Rs. molischianum ͓10͔. Lycopene, B850a, B850b, and B800 molecules within the outlined area belong to one monomer subunit as defined in ͓10͔. The structure of a monomer subunit is repeated with eight-fold symmetry. It should be noted that the lycopene displays closest contact with BChl's from the neighboring subunits, namely, B850aЈ and B800*. The phytol chains as well as some other atoms of the B850 BChl's have been omitted for clarity. The figure has been produced with the program VMD ͓70͔. The 1 1 B u ϩ →Q x excitation transfer was thought to occur via the Förster mechanism ͓25͔, originating from coupling between transition dipole moments of molecular moieties, the coupling representing the dominant term in a multipolemultipole expansion of the respective Coulomb interaction. However, in the case of excitation transfer between chromophores in LH-II, where the distance between chromophores is smaller than the overall size of chromophores themselves, the multipole expansion of Coulomb interaction and particularly the dipole-dipole approximation cease to apply. Even at distances of 20 Å ͑we note here that the length of the conjugated system in lycopene is approximately 25 Å͒ the higher-order multipole contributions to the Coulomb interaction between different chromophore states in LH-II can still be on the order of the dipolar contribution ͓26͔. Especially, excitation transfer involving the dipole forbidden 2 1 A g Ϫ state is not accounted for at the dipole-dipole level, but requires either vibrational borrowing of oscillator strength or the inclusion of higher-order multipoles, e.g., quadrupoledipole. One therefore needs to account for the full Coulomb interaction between participating chromophore states ͑Cou-lomb mechanism͒, and determine the respective Coulomb coupling without evoking the multipole expansion, as also suggested in ͓27͔.
FIG
An alternative to transfer through the Coulomb mechanism is, in principle, transfer through electron exchange, i.e., through the so-called Dexter mechanism ͓28-30͔. In this case, exact knowledge of the geometry of the carotenoidBChl aggregate is crucial since electron exchange coupling decays rapidly with the edge-edge distance between donor and acceptor. The main goal of recent spectroscopic and theoretical investigations on LH-II is to determine how the mentioned mechanisms contribute to light harvesting and which overall excitation transfer rates result.
Before the solution of the structures of LH-II ͓9,10͔, Nagae et al. ͓27͔ had calculated rates for carotenoid → BChl excitation transfer for hypothetical configurations of carotenoid and BChl. The authors argue that the excitation transfer can occur from both the 1 1 B u ϩ and the optically forbidden 2 1 A g Ϫ state once the asymmetry of carotenoids is taken into account. The authors compared also the relative efficiencies of the Dexter mechanism and the Coulomb mechanism and determined that the Coulomb mechanism is much more effective than the Dexter mechanism. Recently, a calculation of transfer rates from the 1 1 B u ϩ state through the Coulomb mechanism based on the x-ray crystallographic structure of Rps. acidophila has been reported ͓26͔. These calculations demonstrate the breakdown of the dipole approximation for transfer between the optically allowed states of chromophores in LH-II. However, in ͓26͔ transfer through the Dexter mechanism and from the optically forbidden 2 Since the photoprotection function of carotenoids involves triplet excitation transfer ͓cf. Eq. ͑1.2͔͒, the Coulomb mechanism, which conserves the spin state of both donor and acceptor, can be ruled out; the only possible mechanism for the transfer is the Dexter mechanism ͓28͔. For the latter to be efficient it is necessary that the chromophores involved are in close proximity, since exchange coupling involves electron tunneling and, therefore, decreases exponentially with distance. The authors in ͓27͔ argue that the Dexter mechanism is nearly 100% efficient at a distance of approximately 3.5 Å, since the lifetime of the donor BChl triplet state is extremely long, approximately 10 s ͓40͔. This argument demonstrates that knowledge of the geometry of the carotenoidBChl aggregate in LH-II, as documented in Figs. 1,2, is a necessary prerequisite to derive any conclusions about the rates of triplet energy transfer in LH-II.
In this paper, we study the excitation transfer pathways in LH-II of Rs. molischianum by evaluating the rates of excitation transfer between the lycopene, B800 BChl, and B850 BChl moieties. We will first summarize the theory underlying excitation transfer due to the Coulomb and the Dexter mechanism. On the basis of the atomic level structure of LH-II of Rs. molischianum ͓10͔ ͑as shown in Figs. 1,2͒ , of available spectroscopic data, and of a quantum mechanical description of the electronic structure of lycopene and bacteriochlorophylls we will discuss the pathways for both singlet and triplet excitation transfer.
II. THEORY AND METHODS

A. Electronic coupling for excitation transfer
The rate of transfer of electronic excitation from donor D to acceptor A can be evaluated by means of the well-known expression ͓25,28͔
͑2.1͒
Here U DA describes the electronic coupling between donor and acceptor; J DA represents the spectral overlap integral, where S D (E) and S A (E) define the normalized donor emission and acceptor absorption spectrum, respectively. Following the authors in ͓27͔ we approximate rather crudely S D (E) and S A (E) by Gaussians
where The electronic coupling U DA arises from the Coulomb interaction in the donor-acceptor pair. This interaction can be expressed as
where c m † , c n Ј denote the fermion creation and annihilation operators that create and annihilate, respectively, electrons with spins and Ј in the mutually orthogonal atomic orbitals m and n . I D ,I A denote the set of atomic orbital indices of the donor and acceptor molecules, and we defined
͑2.4͒
The intramolecular contributions to Eq. ͑2. 
The initial and final electronic states involved in the excitation transfer are assumed to be products of intramolecular donor and acceptor ground and excited states where
describes the direct Coulomb interaction and where
describes the exchange interaction which is well known in multielectron systems. The term U DA c in Eq. ͑2.8͒ encapsulates the Coulomb mechanism introduced above; in the limit that donor and acceptor are sufficiently separated such that only the leading ͑in the case of optically allowed excitations
need to be evoked, the coupling is that described originally by Förster ͓25͔. The term U DA ex in Eq. ͑2.9͒ encapsulates the Dexter mechanism ͓28͔ also introduced above. Due to the close proximity of donor and acceptor ͑see Fig. 2͒ and the involvement of the optically forbidden 2 1 A g Ϫ excitation in energy transfer between lycopene and BChl's in LH-II ͑see Fig. 3͒ , both Eq. ͑2.8͒, without evoking the dipolar approximation, and Eq. ͑2.9͒ need to be taken into account.
The Coulomb and exchange mechanisms are illustrated in Fig. 4 . In case of the Coulomb mechanism, multipolemultipole Coulomb interaction deexcites an initially excited electron on the donor molecule D and simultaneously excites an electron on the acceptor molecule A. In the case of the Dexter mechanism, excitation is transferred between a donor D and an acceptor A when an excited electron, initially belonging to D, is exchanged for a nonexcited electron initially belonging to A. Figure 5 depicts schematically a possible arrangement of atomic orbitals (i, j,R,S) involved in an excitation transfer. We adopt the convention that lower case letters, e.g., (i, j), denote orbitals of the donor while upper case letters, e.g., (R,S), denote orbitals of the acceptor. 
͑2.16͒
In case that ͉⌿ D * ͘ and ͉⌿ A * ͘ represent ͑1,ϩ1͒ triplet excitations, the matrix elements are
͑2.17͒
The coupling for triplet excitations ͑1,0͒ and (1,Ϫ1) yields the same numerical result as the expression above, such that only one type of triplet state needs to be considered. We note finally that in the present notation the coupling U DA c can be expressed as 
͑2.18͒
Evaluation of U DA in Eq. ͑2.1͒ then requires knowledge of the transition density matrix elements
͑2.20͒
We drop the m dependence on the left-hand side since one expects identical coupling for any of the three triplet states such that the m dependence is immaterial.
C. Carotenoid and bacteriochlorophyll electronic states
The calculation of the transition density matrix elements ͑2.19,2.20͒ requires the description of the carotenoid and BChl electronic states involved in the excitation transfer processes. Excitation transfer between BChl's and carotenoids involves exclusively -* transitions. Figure 5 depicts the conjugated -electron system of lycopene. Lycopene has 11 conjugated double bonds; however, only 10 double bonds and 20 C atoms are shown in Fig. 5 and employed in our calculations. The latter choice is necessitated by the extreme computational effort to describe the ,* states of lycopene. The approximation is not expected to introduce qualitative errors in the predicted lycopene → BChl excitation transfer rates since a small difference in the length of the conjugated system leaves the symmetry properties of the transition density matrix elements unchanged and introduces only small quantitative changes. We calculate transition density matrix elements employing two lycopene analogue structures, LYC down and LYC up . LYC down consists of the 20 lycopene C atoms ͑belonging to the conjugated system͒ that are closest to B850 BChl's and LYC up of the twenty lycopene atoms closer to B800 BChl's. All coordinates are taken from the x-ray structure of LH-II of Rs. molischianum.
The calculations of the BChl transition density matrix elements are based on the geometry of a symmetric BChl analogue ͑Fig. 5͒ rather than on the x-ray structure. This approximation allows one to identify the Q y and Q x states. ͑Identification of the Q x state of the asymmetric BChl as taken from the x-ray structure is precluded since in this case these states mix strongly with higher-energy excitations.͒
In describing the electronic states of BChl the effect of the central magnesium atom has been taken into account by adding two electrons to the conjugated system of the tetrapyrrol ring.
For the required electronic states we choose a semiempirical description as provided by the Pariser-Parr-Pople ͑PPP͒ Hamiltonian ͓41͔
which involves only a minimum number of orbitals, namely, those of type. c i ϩ and c j act on the mutually orthogonal atomic orbitals; the operator n i ϭc i ϩ c i is the corresponding number operator; R i j is the effective electronelectron repulsion integral between an electron in an atomic orbital at site i and one in an orbital at site j; t i j is the core integral between atoms i and j; I i is the effective ionization potential of an orbital at site i; Z i is the net charge of the core at atom i that was chosen as Z j ϭ1.
The first term in Eq. ͑2.21͒ is constant for fixed geometries and represents the nuclear repulsion. The second term in Eq. ͑2.21͒ denotes the energy of an electron placed in the atomic orbital at site i, I i is the ionization potential at atomic site i, and ϪZ j R i j accounts for the attractive Coulomb interaction with another atomic site j. The third term in Eq. ͑2.21͒ describes the coupling between different atomic orbitals; it is nonvanishing for nearest-neighboring orbitals only, and is evaluated according to the empirical formula ͓41͔
␥ 0 is a constant and r i j is the distance between the nuclear sites i and j. The fourth term in ͑2.21͒ accounts for the Coulomb interaction between the electrons and, following ͓14,17͔, is expressed by the Ohno formula
͑2.23͒
The semiempirical parameters for the PPP Hamiltonian are listed in Table I . A self-consistent field configuration interaction ͑SCF-CI͒ calculation was performed including single excited -electron configurations for the triplet carotenoid states as well as for all bacteriochlorophyll states. Since the singlet carotenoid 2 1 A g Ϫ state is dominated by double excited configurations ͓42͔, a basis set including both single and double excited configurations was employed for the carotenoid singlet states. The large size of this basis for a polyene with -electron states of polyenes obey a C 2h symmetry that involves 180 0 rotation about the symmetry axis ͑symmetry labels A,B) and the inversion at the symmetry center ͑sym-metry labels g, u). The overall symmetry of the N electron states ͑here N is the number of C atoms of the conjugated system͒ is either A g or B u ͓15͔. Besides the spatial symmetry, the PPP Hamiltonian of pure polyenes exhibits the socalled alternancy symmetry ͑see also Appendix͒, according to which the -electron states are characterized as ''ϩ'' and ''Ϫ'' ͓41,17͔. Accordingly, the carotenoid states involved in our calculation are labeled 1 
) are elements of the square root ͑square root to the minus one͒ of the positive definite nonorthogonal
As suggested in ͓43͔ we take S i,i Ј to be 1 when iϭiЈ, 0.27 when atoms i and iЈ are joined by a chemical bond, and zero otherwise. Employing Eq. ͑2.25͒ expression ͑2.18͒ can be rewritten in terms of nonorthogonal orbitals ͑here we use dummy indices iЈ, jЈ, RЈ, and SЈ to number orthogonal atomic orbitals, and i, j, R, and S for nonorthogonal orbitals͒
Similarly, expressions ͑2.16, 2.17͒ become
where lϭ0 for singlet excitations and lϭ1 for triplet excitations. Expressions ͑2.26͒ and ͑2.29͒ show that the couplings can be expressed equivalently in terms of orthogonal and nonorthogonal atomic orbitals. Since we calculate the Coulomb and exchange integrals ( i j ͉ R S ) and ( i S ͉ R j ) in terms of nonorthogonal orbitals, the transition density matrix elements need to be calculated for nonorthogonal orbitals as well. These matrix elements have been evaluated according to expression ͑2.27,2.28͒ and are, for different states and pigments, shown in Figs. 6, 7, and 8.
E. Evaluation of two-electron interactions
The matrix elements ( i j ͉ R S ), arising in the Coulomb term ͑2.26͒, can be expressed quite accurately in the Mulliken approximation
͑2.30͒
Here S i j (S RS ) are the elements of the atomic orbital overlap matrix as defined in the previous section. One can approximate further ( i i ͉ R R )ϭe 2 /R iR , etc., where R iR is the distance between atomic centers i and R and use also R iR
, where R i j,RS is the distance between the midpoint of atoms i and j and the midpoint of atoms R and S. Accordingly, we adopt in our calculations the approximation, suggested also in ͓27͔,
The exchange coupling decays exponentially with distance and, therefore, the strength of the coupling depends sensitively on the separation between donor and acceptor atoms. One must note in this respect that bridge atoms not belonging to the conjugated -electron system, but bonded to it, can mediate electron exchange. Figure 9 shows that several atoms at the edges of lycopene and BChl can function as bridge atoms. We include, therefore, in addition to direct electron exchange couplings between the systems of the chromophores also the electron exchange coupling mediated through bridge atoms.
A bridge consisting of two atoms B ͑either hydrogen or carbon͒, located between the C(2) orbitals i and R, is denoted as
where i(H,C) and R(H,C) are indices for hydrogen or carbon atoms bonded to atoms i and R. The effective coupling through such a bridge can be expressed as ͓44,45͔
͑2.32͒
where ␤ is the through-bond exchange interaction between the C͑2͒ orbital and the bridge orbital, typically about 0.1 eV, and where ⌬E is the difference between the energy of the C͑2͒ and the bridge orbitals which is assumed to be 8 eV; H,C) ) denotes the electron exchange coupling between the two bridge atomic orbitals.
In case of a bridge consisting of a single atom, e.g., for
where H,C) ) is the electron exchange coupling between the bridge atomic orbital and the C(2) orbital. Included in our evaluation of bridge-mediated electron exchange are all bridge atoms that are directly bonded to the systems. The positions of carbon atoms were obtained from the x-ray structure, while the positions of hydrogen atoms were modeled using the program QUANTA ͓46͔. In order to account for both direct and bridge-mediated contributions to the exchange coupling, the exchange integrals 
͑2.34͒
The quantities C) ), etc., arising in expression ͑2.34͒, account for electron exchange involving the atomic orbitals i, j, R, and S for the first exchange integral in Eq. ͑2.34͒, or i(H,C), R and S for the second exchange integral, etc. These exchange integrals depend sensitively on the shapes of atomic wave functions. Instead of exploiting single Slater orbitals which decay too quickly with distance for a description of the carbon atomic 2 p wave functions, we employ SCF 2p orbitals that have longer ''tails'' and are more accurate ͓27͔,
Here ẑ is a unit vector in the direction of the orbital (r ជ •ẑ ϭrcos). The coefficients in ͑2.35͒ were determined in ͓47͔ as: a 1 ϭ0.008 47, a 2 ϭ0.174 42, a 3 ϭ0.451 91, a 4 ϭ0.436 45, ␣ 1 ϭ6.827, ␣ 2 ϭ2.779, ␣ 3 ϭ1.625, and ␣ 4 ϭ1.054, in atomic units.
To calculate the exchange coupling in Eq. ͑2.9͒, we expand the 1s, 2s, and 2 p valence orbitals in terms of Gaussians since the exchange integrals involving Gaussian orbitals can be expressed analytically ͓48͔, rendering quick calculations of three-and four-center integrals possible. The H(1s) and C(2s) orbitals ͑of atoms bonded to the conjugated carbons͒ are expanded in terms of three Gaussians, Included are atoms belonging to the conjugated system ͑connected by thick bonds͒ and atoms in direct contact with the conjugated system ͑connected to the latter by thin bonds͒. All nonhydrogen coordinates are taken from the x-ray structure of Rs. molischianum ͓10͔, while the hydrogens were modeled with QUANTA ͓46͔. Carbon atoms are in black, hydrogen atoms in light gray. Distances between the conjugated systems are indicated in Å. The distances between B850aЈ BChl and lycopene ͑b͒ are short enough to insure efficient photoprotection. Due to larger distances between 800 BChl and lycopene ͑a͒ and between B850b BChl and lycopene ͑c͒, these BChl's are not efficiently photoprotected. However, B850b BChl can transfer excitation energy efficiently to the close B850a BChl ͑d͒.
center of the 2p orbital by ϮB j along the axis of the unit vector ẑ which accounts for the orientation of the orbitals 2.37. All orbitals within one chromophore were taken to be oriented in the same direction. For the carotenoid LYC ͑with the coordinates of LYC1 in the Protein Data Bank͒, and BChl's B850a, B850bЈ, B800, and B800* employed in our calculations and depicted in Fig. 2 , the unit vectors ẑ were taken in the x, y, x, z, and z directions of the laboratory frame, respectively. To describe properly the tails of the SCF 2p orbitals it is not sufficient to use a linear combination of three 1s type Gaussians as for the H(1s) and C(2s) orbitals. Instead, the SCF 2p orbitals were approximated by means of five 1s type Gaussians
The coefficients in Eq. ͑2.37͒ were determined by a minimization of the 2 difference between functions (SCF 2p)
as defined in Eq. ͑2.35͒ and Ј(SCF 2 p) as defined in Eq.
͑2.38͒
and is considered on the intervals of 1 a.u. ϽrϽ15 a.u., 0 ϽcosϽ1. Indices r and cos indicate that the sums run over a large number of divisions along r and cos of length ⌬r and ⌬cos, respectively. To check the accuracy of the approximations used to calculate the exchange integrals, we compared the approximated exchange integrals to the exact two-center exchange integrals for Slater orbitals in ͓50͔. For H(1s) orbitals, the approximated exchange integrals agree within 1% to the values in ͓50͔. The approximated 2 p and 2 p exchange integrals reflect the same distance dependence as the exchange integrals in ͓50͔, but are between a factor of 2 and 4 too large. Since various exchange integrals can cancel each other, the factor 2-4 represents an upper bound for the overestimate of the exchange coupling due to the above approximations.
F. Couplings to excitonic states
Electronic excitations in the ring of LH-II's 16 B850 BChl's are strongly coupled because of the close proximity of neighboring units ͑Mg-Mg distance 8.9 or 9.2 Å͒. Due to this strong coupling, electronic singlet excitations form completely delocalized excitons in the absence of disorder ͓51͔. In our calculations we employ an effective Hamiltonian describing excitons delocalized over the entire ring. This has to be considered an approximation since static and dynamic disorder disrupts the coherency ͓52͔. The suitability of such approximation is further analyzed in the discussion.
An effective Hamiltonian, limited to the Q y excitations of the individual BChl's, has been constructed and described in ͓12͔. The basis set defining the matrix representation of the effective Hamiltonian contains the elements
͑2.39͒
Here 
͑2.41͒
where ͉͉0͘ represents the electronic ground state of the BChl aggregate.
In case of energetically degenerate exciton states (m 1 ,m 2 ), excitation can be absorbed into any linear combination cos␥ ͉͉m 1 ͘ϩsin␥ ͉͉m 2 ͘ of these two states. We choose that combination which renders the resulting coupling,
maximal. This combination is defined through the angle ␥ specified through tan2␥ϭ
͑2.43͒
In the following we introduce a single index m to enumerate the degenerate states m 1 and m 2 and replace U DA (m 1 ,m 2 ) by U DA c (m). In this manner we will relabel the states such that only one index labels a linear combination ͓with ␥ as defined by Eq. ͑2.43͔͒ of two degenerate states, i.e., we will count subsequently only states with different energy.
The rate of excitation transfer into excitonic state ͉͉n͘ is
while the total excitation transfer rate is a sum
G. Spectral overlap integrals
To calculate the spectral overlap integrals in expression ͑2.1,2.44͒, E D(A) and ⌫ D(A) for the involved states are needed as parameters. We consider in this regard first the carotenoid-BChl singlet-singlet excitation transfer, with the participating 1 1 B u ϩ , 2 1 A g Ϫ , Q x and Q y states. From the absorption spectrum of the LH-II of Rs. molischianum reported in ͓53͔, one obtains for the Q x spectrum an E A value of 590 nm and a ⌫ A value of 1240 cm Ϫ1 , whereas for the Q y spectrum the width ⌫ A is determined to be 460 cm Ϫ1 ͓53͔. The E A values of the Q y exciton states are presented in the previous section. The ⌫ A values for the exciton states have been assumed the same as for the Q y states of individual BChl's, an assumption that is certainly an oversimplification. To describe the emission spectrum of lycopene we employ the available parameters for spheroidene in LH-II of Rb. sphaeroides ͓11͔, namely, an E D value of 550 nm and a ⌫ D value of 3100 cm Ϫ1 for the 1 1 B u ϩ state. The use of spheroidene, which has ten conjugated double bonds instead of lycopene, which has 11 conjugated double bonds is justified since small changes in the length of the conjugated systems do not influence the features of the fluorescence spectrum significantly, as shown in ͓54͔. Following the suggestion of ͓27͔ for the 2 1 A g Ϫ state emission spectrum we assume an equivalence to the emission spectrum of siphonaxanthin in CS 2 ͓55͔ and employ an E D value of 760 nm and a ⌫ D value of 3100 cm Ϫ1 . Singlet-singlet excitation transfer B800 BChl →B850 BChl can occur either through the Q x state or through the Q y state. The absorption spectrum of the B850 BChl's is the same as in case of the lycopene→B850 excitation transfer. The emission spectrum of the Q y state of the B800 band in LH-II of Rb. sphaeroides has been measured in ͓56͔, with a peak at 805 nm and a width of 230 cm Ϫ1 . To the best of our knowledge, the emission spectrum of the Q x state has not been measured in light-harvesting complexes. To characterize the Q x emission spectrum we assume that the ratio of the widths of the Q x and Q y state emission spectra is the same as the ratio for their absorption spectra which yields a ⌫ D value of 620 cm Ϫ1 . We also assume the same shift of the Q y and Q x emission maxima compared to their absorption maxima, which leads to an E D value of 595 nm for the Q x state of B800 BChl.
The spectral overlap integrals for the various singletsinglet excitation transfers are listed in Table II . For triplettriplet excitation transfer we assume a spectral overlap integral of 1 eV Ϫ1 as suggested in ͓27͔.
III. RESULTS
The atomic level structure of LH-II of Rs. molischianum revealed the relative arrangement of lycopenes and BChl's in the protein; this permitted us to determine the Coulomb ͑2.26͒ and exchange ͑2.29͒ coupling and the associated rates of excitation transfer. Below we present the transition density matrix elements for the lycopene and BChl analogue employed in the calculations and the electronic couplings and rates for different transfer pathways. Figure 6 shows the transition density matrix elements The slight deviation of positions of lycopene C atoms from those of perfect polyenes is not destroying the alternancy symmetry, since this deviation concerns only the offdiagonal matrix elements of the PPP Hamiltonian. A change in the diagonal elements, i.e., ionization potentials of C atoms, would, however, result in disruption of alternancy symmetry. Figure 7 shows the transition density matrix elements 0 M A (R,S)ϩ 0 M A (S,R) (R S) and 0 M A (R,R) for the BChl Q x → ground state and Q y → ground state transitions as calculated from expression ͑2.28͒ for the symmetric BChl analogue ͑cf. Fig. 5͒ .
A. Transition density matrix elements
The transition density matrix elements for the BChl and carotenoid triplet → ground state transitions are shown in Fig. 8 .
B. Transition Dipole Moments
Expression ͑2.26͒ with the Coulomb integrals ( i j ͉ R S ) given by Eq. ͑2.31͒ can be expanded into a multipole series, 
which in turn is equal to the well-known expression for the transition dipole moment,
where r ជ i is the position of atom i. One can derive an equivalent result for d ជ A as defined in Eq. ͑3.5͒. The calculated transition dipole moments of the different electronic states of lycopene and BChl's in LH-II Rs. molischianum are shown in Table III . As expected, the 2 1 A g Ϫ state dipole moment vanishes within the precision limited by errors in the atomic coordinates. The calculated transition dipole moment of 1 1 B u ϩ agrees well with the experimental value of 13 Debye ͓57͔. The value of the transition dipole moment of Q x agrees also remarkably well with the experimental value of 3.29 D; however, the calculated value of the transition dipole moment of Q y exceeds the measured value of 6.13 D ͓58͔ by more than a factor of 2.
C. Lycopene-BChl singlet excitation transfer
Table IV provides the coupling terms U DA ex,c and associated transfer rates for the 1 1 B u ϩ →Q x and 2 1 A g Ϫ →Q y excitation transfer from lycopene to different BChl's ͑shown in Fig. 2͒ . We consider only coupling of the LYC down to the B850 BChl's and of LYC up to the B800 BChl's. 1 1 B u ϩ →Q y and 2 1 A g Ϫ →Q x excitation transfers are not considered since the rates are negligible due to small spectral overlap ͑Table II͒.
The exchange couplings between lycopene and its closest four BChl's have been calculated according to expression ͑2.29͒, ͑with lϭ0) and the Coulomb couplings according to expression ͑2.26͒. The transfer rates for the exchange and the Coulomb coupling have been determined then from expression ͑2.1͒ assuming that the coupling U DA is either only due to exchange coupling (U DA ϭU DA ex ) or only due to Coulomb coupling (U DA ϭU DA c ) and using the spectral overlap integrals listed in Table II. Because of the excitonic nature of the B850 Q y band, the transfer rates for Coulomb coupling to the B850 Q y band have also been calculated according to expression ͑2.45͒. Table V lists the couplings between lycopene 1 1 B u ϩ and 2 1 A g Ϫ states and the individual excitonic states as evaluated according to expressions ͑2.41-2.43͒ using the spectral overlap integrals listed in Table II . The transfer rates to the Q y exciton band are given by the sum of the transfer rates to the individual exciton states ͑2.44͒ and are provided in Tables  IV and V. The largest rates are found for transfer from the 1 1 B u ϩ state to the Q x band through the Coulomb mechanism. The most strongly coupled BChl's are B850aЈ and B800* BChl, the two BChl's positioned closest to the lycopene. The 2 1 A g Ϫ →Q y pathway, is more than 100 times slower than the 1 1 B u ϩ →Q x pathway with the excitonic structure of the Q y band speeding up the rate of excitation transfer only slightly.
The transfer rates through exchange coupling for the 1 1 B u ϩ →Q x pathway are predicted at least six orders of magnitude smaller than those through Coulomb coupling.
D. B800 BChl-B850 BChl singlet excitation transfer
Table VI provides the coupling energies U DA c and associated transfer rates for the different possible pathways from B800 BChl to its closest B850 BChl. The couplings and rates were calculated as for lycopene-B850 BChl coupling, except that the donor states were given by the B800 BChl Q y and Fig. 2͒ . The couplings are calculated according to Eqs. ͑2.26,2.29͒. The rates are calculated according to Eq. ͑2.1͒ assuming that the coupling U DA is either only due to exchange coupling U DA ϭU DA ex or only due to Coulomb coupling U DA ϭU DA c . Because of the excitonic nature of the B850 Q y band, the transfer rates through Coulomb coupling are also calculated according to Eqs. ͑2.42-2.45͒. The corresponding couplings to the different exciton states are listed in Table V . Besides the couplings to individual B850 BChl states also the couplings to the different exciton states of the B850 BChl Q y band are listed in Table VI . The rate for transfer to the exciton band, given as the sum of the transfer rates to the different exciton states, is ten times faster then the transfer rates for transfer to an individual B850 BChl. Exchange coupling has not been investigated since B800 and B850 BChl's, with a closest Mg-Mg distance of 19 Å, are out of range of the Dexter mechanism.
E. Triplet excitation transfer
Table VII provides the coupling energies U DA ex and associated transfer rates, calculated according to Eqs. ͑2.29͒ ͑l ϭ1͒, and ͑2.1͒, for triplet excitation transfer from three BChl's (B800, B850a, B850b, cf. Fig. 2͒ to the closest lycopene ͑LYC͒. B850a BChl transfers triplet excitation energy to this lycopene within 0.7 s while transfer from B850b and B800 BChl's to lycopene are, respectively, eleven and six orders of magnitude slower. However, B850b BChl can transfer triplet excitation energy to its closest B850a BChl within 3.5 ns making indirect transfer possible.
IV. DISCUSSION
Excitation energy in photosynthetic light harvesting flows primarily in the form of chlorophyll Q y excitations at nearinfrared energies. The carotenoids fuel this stream with photons absorbed in the middle of the visible spectrum and employ for that purpose a short lived, but strongly allowed 1 1 B u ϩ state and a low-lying optically forbidden 2 1 A g Ϫ state. The exact contribution of the two states to the excitation transfer and the mechanism of excitation transfer are subject of debate with different mechanisms and pathways being proposed in the literature ͑see, e.g., ͓12,20,30,59,60͔͒.
The calculations in this paper predict that, for the case of LH-II of Rs. molischianum, the singlet excitation transfer proceeds through the Coulomb and not the electron exchange mechanism. For all excitation transfer pathways ͑Table IV͒ the Coulomb coupling exceeds the electron exchange coupling by a factor of 100 ͓2 1 A g Ϫ →Q y (B850aЈ) transfer͔ to up to 10 7 ͓1 1 B u ϩ →Q x (B850b) transfer͔, which means that transfer rates through Coulomb coupling exceed transfer rates through exchange coupling by at least four orders of magnitude.
Due to vibrations of the protein the positions of the chromophores can change. Since a distance change affects the exchange coupling stronger than the Coulomb coupling, one might argue that the exchange coupling can become stronger than the Coulomb coupling for shorter distances. To estimate TABLE VI. Coulomb couplings ͑in eV͒ and transfer rates ͑in Hz͒ for the different singlet-singlet excitation transfer pathways from B800 BChl to B850 BChl. Only couplings between B800 BChl and the B850 BChl to which the former is most strongly coupled are listed ͑upper part of the Table͒. Indeed, several stretching modes of the lycopene 2 1 A g Ϫ1 state exhibit vibrational relaxation on a time scale slower than that of internal conversion to the ground state ͓61͔, suggesting that these modes are responsible for excitation transfer from the 2 1 A g Ϫ state. Intensity borrowing for the 2 1 A g Ϫ can be enhanced through the methyl groups attached to the conjugated system of lycopene ͑see Fig. 5͒ that are not accounted for in the Hamiltonian ͓Eq. ͑2.21͔͒ and that break the alternancy symmetry of the -electron system.
Intensity borrowing speeds up 2 1 A g Ϫ →Q y excitation transfer; future theoretical studies including the abovementioned effects of intensity borrowing through vibrational modes or symmetry breaking will have to determine whether the 2 1 A g Ϫ →Q y transfer time can be as short as the 2.5 ps estimated from the lifetime.
Since bacteriochlorophyll Q y excitations in the B850 system are strongly coupled, the respective absorbing states are exciton states. Transfer from the 2 1 A g Ϫ state to exciton states is slightly faster than the transfer 2 1 A g Ϫ → individual BChl Q y state, proceeding within 200 ps ͑Table V͒. This effect is due to the spreading of the exciton energies over a 871 nm to 712 nm range ͑Fig. 3͒, which improves the overlap between donor and acceptor states. The 1 1 B u →Q x transfer time is essentially unaffected by exciton splitting which measures only a few cm Ϫ1 for the Q x state ͓51͔. It is debatable whether the picture of excitation delocalized over the entire ring is correct, since thermal disorder disrupts the coherency of the exciton states ͓52͔. No consensus has yet been reached about the length of exciton delocalization i.e., the number of coherently coupled BChl's; estimates ranging from two BChl molecules ͓62͔ to almost the entire length of the B850 BChl aggregate ͓63͔. Future calculations should take the effect of static and dynamic disorder on the enhancement of the transfer rate due to exciton splitting into account; respective descriptions pose still a conceptual and practical challenge.
In addition to the direct transfer pathways from lycopene to the B850 BChl's, singlet excitation transfer to the B850 BChl's can also occur via the lycopene 1 1 B u ϩ →B800* Q x route with a transfer time of 250 fs ͑Table IV͒. The B800 Q x state relaxes within 200 fs into the Q y state from which excitation energy can be transferred on to the B850 BChl ring.
As in the case of the lycopene →B850 BChl pathway, B800 Q y states couple to the B850 exciton states rather than to individual BChl's. The strongest coupling (U DA c ϭ1.0 ϫ10 Ϫ2 eV) is to the E 4,5 energy levels and not to the E 2,3 energy levels (U DA c ϭ8.7ϫ10 Ϫ3 eV) as revealed by Table  VI , even though the latter states are the only strongly optically allowed states, i.e., carry the strongest transition dipole moments. However, a B800 BChl interacts stronger with closer B850 BChl's and thus breaks the ring symmetry; the latter is crucial since the dipole forbidden character of the exciton states needs to be overcome.
The effect of the excitonic structure of the B850 Q y band is to shorten the transfer time between B800 and B850 Q y states due to improved spectral overlap; neglecting the exciton splitting results in a time of 350 fs for transfer between a B800 and its closest B850 Q y state; the inclusion of the splitting reduces the transfer time to 73 fs as shown in Table  VI . This is too short compared to the experimentally measured transfer time of 700 fs ͓11͔. However, the calculated dipole moments ͑14.4 D͒ of the Q y state are significantly larger than the experimental values ͑6.13 D͒ as pointed out above. This error is due to the inaccuracy in the employed wave function and can be reduced through more extensive electronic structure calculations. The B800-B850 coupling is mostly due to dipolar coupling, and one could use the ratio of calculated to experimental oscillator strength to scale the coupling; this would lead to a time of 10.2 ps for excitation transfer between individual B800 and B850 BChl's and 2.2 ps for transfer from B800 to the B850 exciton band.
The role of exciton splitting and spectral overlap in enhancing B800 to B850 energy transfer can be readily reconstructed from Tables II, VI and Eqs. ͑2.44,2.45͒. For example, transfer from the B800 Q y state to the E 4,5 levels has a spectral overlap of 8.8 eV Ϫ1 , whereas the overlap to the E 2,3 levels is only 1.2 eV Ϫ1 , i.e., the spectral overlap favors the E 4,5 exciton states. An error in the evaluation of the spectral overlap results from the extremely simplifying approximation of the spectra by Gaussians as well as from an overestimate of the extent of exciton delocalization. This error, in addition to the erroneously large value of transition dipole moments, can account for the difference between calculated and experimental transfer times.
Triplet excitation transfer through the Dexter mechanism is highly sensitive to the atomic distances between the donor and acceptor moieties. Figure 9 shows the region of closest contact between BChl's and carotenoids in LH-II of Rs. molischianum. The conjugated -electron systems of B850b BChl and B800 BChl exhibit a larger distance to the conjugated -electron system of lycopene than to that of B850a BChl. The distances between the conjugated atoms of lycopenes and BChl's determine the transfer times; the effect of nonconjugated carbon and hydrogen bridge atoms ͓see Fig.  9͑a͔͒ on the overall transfer time is small.
Our calculations predict times of 0.7 s for B850aЈ BChl → lycopene triplet excitation transfer ͑see Fig. 9͒ . Given the BChl triplet state lifetime of 10 s one can expect a high efficiency of quenching of the B850a BChl triplet states. In contrast, the calculated transfer times for B800 BChl → lycopene and B850b BChl → lycopene transfer are too long to ensure an efficient photoprotection by the lycopene shown in Figs. 2,9. Our calculations suggest an indirect photoprotection mechanism for B850b BChl. B850b BChl can transfer triplet excitation within 3.5 ns to its closest B850a BChl which is efficiently protected by the lycopene. The motif that BChl's are protected indirectly has been found also in the RC ͓64͔ and in the light harvesting complex LHC-II of plants ͓65͔.
Our results indicate that B800 BChl's are not photoprotected. It has been suggested on account of biochemical observation ͓53͔ that a second set of eight lycopenes exists in LH-II of Rs. molischianum which are not resolved in the x-ray structure. It is possible that photoprotection of all the BChl's in LH-II of Rs. molischianum involves this set of lycopenes, which have yet to be resolved through x-ray scattering. However, a recent stoichiometric analysis contradicts this observation and suggests that only one set of lycopenes exists in LH-II ͓66͔. Alternatively, it might be possible that the fast singlet excitation transfer ͑within less than a picosecond͒ from B800 BChl's to the B850 BChl ring is so efficient that the B800 BChl's do not require photoprotection. A third explanation is that while the B800 BChl's do not appear to be protected for the geometry of the static crystal structure, they may be found protected once fluctuations, which bring the B800 BChl into closer contact with lycopene, are taken into account. According to our calculations the B800 BChl's has to move about 1.75 Å in the direction of the axis connecting its own center of mass with that of lycopene to become significantly protected. A molecular dynamics or resonance Raman study may reveal whether such movements can occur within a few s.
One-electron pairing properties
The alternancy symmetry is responsible for the oneelectron pairing properties of alternant hydrocarbons, i.e., molecular orbital energies occur in pairs, ⑀ n and Ϫ⑀ n ϩ⑀, where ⑀ is the same constant for all molecular orbitals. The corresponding wave functions are respectively, for ⑀ n and Ϫ⑀ n ϩ⑀. The molecular orbital ͉⌿ n ͘ is termed ''alternantly conjugate'' to ͉⌿ n ͘. The alternantly conjugate orbital to the spin molecular orbital ͉⌿ n ͘ ϭ͉⌿ n ͉͘͘, ϭ␣,␤, is defined such that the spin state is unaltered by the alternancy conjugation, i.e., ͉⌿ n ͘ ϭ͉⌿ n ͉͘͘ ͓67͔. ͉⌿ n ͘ is related to ͉⌿ n ͘ through the alternation operator B , ͉⌿ n ͘ϭB ͉⌿ n ͘ ,
͑A3͒
which, according to Eqs. ͑A1,A2͒, is
Here L ᭺ and L * are the projection operators for the two spaces spanned by the unstarred and the starred atomic orbitals, i.e., 
Operator B and its Hermitian conjugate B † obey the unitarity condition
such that the eigenvalues of B are Ϯ1.
N-electron pairing properties
The one-electron pairing properties can be generalized readily to N-electron systems. In each of the one-electron vector spaces that span the N-electron space, the alternation operator is defined as
where the index k labels an electron. Operator B (k) satisfies properties ͑A6,A7͒. Operator B N , acting on an N-electron wave function, is a product of the one-electron alternation operators B (k), namely,
The pairing operator acting in the Fock space of N electrons is defined through ͓68͔
where
and where p is a permutation between electron spin orbitals, as denoted by
We define sgn(p)ϭϮ1 for even /odd permutations p. Indices i and j label the electrons, the p k 's label molecular spin orbitals. a p k † and a p k Ј create and annihilate, respectively, an electron in spin orbitals p k and p k Ј . The commutation relation of the PPP Hamiltonian for alternant hydrocarbons and the pairing operator P is ͓68,67͔
where ⑀ is a scalar. The commutation property implies that eigenvectors of Ĥ are also eigenvectors of P . Operator P is unitary, i.e.,
and, hence, its eigenvalues are Ϯ1, i.e.,
P ͉x͘ϭϮ͉x͘. ͑A15͒
The alternancy symmetry of the polyene states involved in our calculations is 1 1 A g Ϫ , 2 1 A g Ϫ and 1 3 B u ϩ , ''ϩ'' and ''Ϫ'' states being the eigenstates of P with eigenvalues ϩ1 and Ϫ1, respectively ͓67͔.
Transformation of couplings under alternancy conjugation
The matrix elements between the eigenstates of P , ͉x͘ and ͉y͘, for a one-electron Hermitian operator Â , obey ͗x͉Â ͉y͘ϭϮ͗x͉P † Â P ͉y͘.
͑A16͒
If the states ͉x͘ and ͉y͘ are the eigenstates of P for the same eigenvalue, the upper sign applies in Eq. ͑A16͒, otherwise, the lower sign applies. According to definition ͑A10͒ we express, following ͓68͔,
B N † and D † are the Hermitian conjugates of B N and D , respectively.
An arbitrary operator Ĉ can be written
operators L ᭺ and L * being defined in Eq. ͑A5͒. For a oneelectron operator ͑acting on electron k) holds
since Â (k) acts as an identity operator on all electrons, except electron k. Due to Eq. ͑A7͒ the problem of transforming Â (k) under B N is reduced to the (kth) one-electron vector space and, according to Eqs. ͑A4, A18͒, can be stated in the form
The operator K Ј, obtained from K by changing all creation operators to annihilation operators and vice versa, obeys the property ͓68͔
͑A22͒
Multiplication by D † yields
If K is a one-electron Hermitian operator
with real matrix elements ͗i͉K ͉ j͘, it holds ͑according to the fermion creation and annihilation anticommutation rules͒ K ЈϭTr͑K ͒ÎϪK , Tr͑K ͒ϭ ͚ i ͗i͉K ͉i͘.
͑A25͒
The transformation rules ͑A25͒ hold for operators Â ϩ and Â Ϫ as defined by Eq. ͑A19͒ and, therefore, any one-electron Hermitian operator Â is transformed under alternancy conjugation according to Two cases can be distinguished for the combinations of atomic orbital indices i and j. In the first case, i and j belong to the same set of atomic orbitals ͑starred or unstarred͒. In this case holds, due to the orthogonality of atomic orbitals,
͑A31͒
From Eq. ͑A18͒ it follows that
